The main purpose of the present note is to show (Theorem 2) that any regular ©-class of any semigroup is a partial homomorphic image of a Brandt groupoid. It follows from this that a semigroup with zero is a partial homomorphic image of a Brandt semigroup if and only if it is regular and O-bisimple.
1. Partial homomorphisms of a completely 0-simple semigroup.
Let 5 and S* he semigroups with zero elements 0 and 0*, respectively. A mapping 6 oî S into S* is called a partial homomorphism if (i) 00 = 0*, and (ii) (ab)d = (a9)(bd) for every pair of elements a, b of 5 such that ab^O. The restriction of 8 to S\0 is then a partial homomorphism of the partial groupoid S\0 into S* as defined in [2, p. 93] . By agreeing to the trivial convention (i), there is no essential distinction between partial homomorphisms of 5 into S* and of 5\0 into S*. Moreover, we need not require that S* have a zero element; if it does not, we adjoin a zero element 0* to it for the application of (i).
The author's interest in partial homomorphisms originated in the fact that they arise naturally in the theory of extensions of semigroups [2, §4.4] .
A partial homomorphism 6: S->S* evidently preserves regularity [2, Let D be a regular SD-class of S*. Let {Ri*:i*QI*\ and {ZX.:A*£A*} be the (R-classes and ¿-classes, respectively, of 5* contained in D. Then Hi*\*=Ri*r\L\* are the 3C-classes of S* contained in D. We know that at least one of these must contain an idempotent, and so be a maximal subgroup of S* [2, Theorem 2.16, p. 59]; choose one such and call it H* = Hm*, 1* being an element of 7*r\A*. For each i* in 7*, pick r,-» in 77¿*i*, and for each X* in A* pick q\* in Hi*\*. Then (1) »x?x* (x Q H*; i* £ 7*, X* £ A*).
We regard the triple (x; i*, X*) as coordinates of the element (1).
By the Rees Theorem [2, Theorem 3.5, p. 94], a completely 0-simple semigroup can be represented as a regular Rees 7 XA matrix semigroup "3K°(G; 7, A; P) over a group with zero G°, and with AX7 sandwich matrix P = (pu). The elements of £01° can be represented as triples (a; i, X) multiplying according to (2) (a; i, \)(b;j, p) = (ap^b; i, p) (a, b £ G°; i,j £ 7; X, ai £ A).
In fact, the proof of the Rees Theorem amounts to coordinatizing the SD-class 3TC°\0. It should be remarked that, for an arbitrary regular SD-class D, the elements (1) do not have a simple law of multiplication like (2). Proof. The proof is so much like that of Theorem 3.14 of [2, p. 109], that we give only the outline. We can assume that the entry pix of P is not zero. Applying 0 to (a; i, X) = (e; i, l)(pn a; 1, l)(pu ; 1, X), we obtain (3). Applying 0 to (2) and using (3), again with the uniqueness of (1), we obtain (4). This last step can be inverted to yield the converse part of the theorem.
From a constructive point of view, Theorem 1 has the drawback that, for given <¡>, \p, and « satisfying (i) and (ii), there is no assurance that u and v can be found so as to satisfy (iii). This drawback disappears, however, when 5 is a Brandt semigroup B°. Here we can assume 23° = 9Tl0(G; 2", 2"; A), where A = (5,7) is the IXI identity We note that q^r^QH* by (i). Thus we can always satisfy (iii) by choosing u: I->H* arbitrarily, and then defining v: I->H* by (5). Formula (3) becomes Thus every partial homomorphism 9 of one Brandt groupoid, B, into another, B*, is given by (7) in terms of (i) an arbitrary mapping d>: I-*I*, (ii) an arbitrary homomorphism co: G-»77*, and (iii) an arbitrary mapping u: I-+H*. (7) is equivalent to Hoehnke's formula As usual, we may assume that 7 and A have an element 1 in common such that Hu = Ri!~\Li is a group. But now we shall also assume, as we evidently may, that 7 and A are otherwise disjoint: 7f\A= {1}. As usual, choose r, in Ha. and <ft in HX\ in any way, for i in 7\1 and X in A\l, and choose fi = gi = en, the identity element of 77n. As Then, because of (9), From this and (10), it follows that 0 is a partial homomorphism of B into D. Moreover, B6 = D, since 230 contains all the elements rtaqx of (8).
As described in §3.3 of [2] , if we adjoin a zero element 0 to a Brandt groupoid B, defining ab = Q if ab is undefined in B, we obtain a Brandt semigroup B°, that is, a completely 0-simple inverse semigroup. The following is immediate from Theorem 2 and the first assertion in Theorem 1.
Corollary
1. A semigroup with zero is a partial homomorphic image of some Brandt semigroup if and only if it is regular and O-bisimple.
As defined in [2, p. 93], a partial isomorphism is a partial homomorphism which is one-to-one and onto. Not every regular 2D-ciass is a partial isomorphic image of some Brandt groupoid, and the question of telling which ones are remains unsettled. The next theorem gives a sufficient condition.
Theorem 3. Let D be a regular Si-class of a semigroup S with the property that it is possible to set up a one-to-one correspondence between the (R-classes R of D and the £-classes £ of D such that if R and L correspond, then RC\L contains an idempotent. Then D is a partial isomorphic image of the Brandt groupoid having the same structure group as D and the same number of (R-classes (and £-classes) as D.
Proof. By hypothesis, we can index the (R-classes and the ¿-classes of D by the same index set 7, such that for each i in 7, RíC\Lí contains an idempotent e¿. The 3C-class 7p, = P¿f^P¿ is then the maximal subgroup HH of S containing e,-. Let 1£7, and pick q{ in 77ij in any way for i in 7\1, and let qi = ei. Let qi be the inverse of q¡ in Ha', such exists since both Hn and 77¿¡ contain idempotents [2, Theorem 2.18, p. 60]. Take P = 3E°(77"; 7, 7; A)\0 and define 9: B->D by (11) (a; i, j)6 = qlaq¡ (a £ Hn; i, j £ 7).
Since every element of D is uniquely expressible in the form on the right-hand side of (11), and q,qj =eu we see at once that 9 is a partial isomorphism of B onto D. B is unique, to within isomorphism, since any Brandt groupoid is completely determined by its structure group and the cardinal number of its (R-classes (or ¿-classes).
2. Every 0-bisimple inverse semigroup S is a partial isomorphic image of the Brandt semigroup having the same structure group as S and the same number of idempotents as S.
Proof. The hypothesis of Theorem 3 is satisfied by any inverse semigroup [2, Corollary 2.19, p. 60]. For 0-bisimple inverse semigroups, in particular, for Brandt semigroups, the sets of (R-classes, ¿-classes, and nonzero idempotents all have the same cardinal. We conclude with an example to show that a regular 0-bisimple semigroup may be a partial isomorph ic image of a Brandt semigroup, but not of one having the same structure group.
Let P = 3TC°(P; 7, 7; A)\0, where E= {e\ is a one-element group, and I-{l, 2}. Let S\0 = HXE, where 77" is a cyclic group {e, a} of order 2, and £ is a right zero semigroup of order 2. We may represent the elements of 5 as pairs (x; i) with xQH, iQI, multiplying as follows: (x; i)(y,j) = (xy;j) (x, yQH;i,jQ I).
Define 0:P°->,S by (e; 1, 1)6 = (e; 1), (e; 1, 2)0 = (a; 2) (e; 2, 1)8 = (a; 1), (e; 2, 2)8 = (e; 2) and 09 -0. Clearly 9 is one-to-one and onto, and it is easy to verify that it is a partial homomorphism. On the other hand, S cannot be a partial isomorphic image of any Brandt semigroup B" having structure group of order 2. For B must then have order twice a square, whereas 5\0 has order 4.
In this note, we prove the converse of the following result of P. Huber [2] . Let F: 3C->£ and G: £-»X be covariant adjoint functors, that is, functors such that there exist two (functor) morphisms f : I-^GF and w: FG-+I satisfying the relations (1) (n*F)o(F*t) = i*F, This standard construction is said to be induced by the pair of adjoint functors F and G. For further explanation of the notation and terminology, see [2] , or the appendix of [l].
Theorem. Let (C, A, p) be a standard construction in a category £. Then there exists a category X and two covariant functors F: 3C->£ and G: £->3Z such that (i) F is (left) adjoint to G, (ii) (C, A, p) is induced by F and G.
